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1. INTRODUCTION 
Let A(t), B(t) be continuous n x n matrix functions defined on (-co, co). 
The systems of linear differential equations, 
‘k = A(t)x, 0) 
9 = WY, (2) 
are said to be kinematically similar if there exists a continuously differentiable 
invertible matrix function S(t), such that S(t) and S-l(t) are both bounded 
and such that the transformation x = ,S(t)y takes the solutions of (1) onto 
the solutions of (2), i.e., such that 
B(t) = S-l(t) A(t) S(t) - S-l(t) S(t). (3) 
S(t) is said to be a kinematic similarity. 
Equation (1) is said to be reducible (cf. Coppel [5, 61) with projection P 
if it is kinematically similar to a system (2) with B(t)P r= PB(t). (We assume 
P # 0, I since clearly any system is reducible with these two projections, 
taking the identity as the kinematic similarity.) 
A fundamental matrix X(t) of (I) is said to have an exponentiaE dichotomy 
with projection P if it satisfies inequalities 
/ X(t) PX-l(s)1 < Ke-Y(t-s) 
1 X(t)@ - P) X-l(s)/ < Ke-Y(s-t) 
for s G t, 
for s > t, 
(4) 
where K > 0, y > 0 are constants. (Note that we use the Euclidean norm 
for vectors and the corresponding operator norm for matrices.) In this situation 
we also say that (1) has an exponential dichotomy with projection P. 
In [5, 61 Coppel showed that (1) is reducible with projection P if and only 
if it has a fundamental matrix X(t) such that X(t) PX-l(t) is bounded. He 
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also showed that if A(t) is bounded the kinematic similarity, which reduces 
(I), can be chosen so that s(t) is bounded. In Lemma 3 in [I I], Million%kov 
showed that if A(t) is bounded and uniformly continuous s(t) can be chosen 
so that it, s-l(t), and S(t) h ave the same property. Using a method of 
MillionSEikov, we show in Section 2 that when A(t) is recurrent, S(t) can be 
chosen so that it, S-l(t), and s(t) are also. 
Now wAen A(t) is almost periodic it is natural to ask whether or not S(t) can 
be chosen almost periodic. Our main aim in this paper is to give a negative answer 
to this question. In Section 5 we show that the answer is negative even zf (1) has 
an exponential dichotomy with projection P, thus answering a question of Coppel[5]. 
However, there are some positive results. We show in Section 3 that when 
A(t) is almost periodic, the joint property of having an exponential dichotomy 
with projection P and being reducible with projection P by an almost periodic 
kinematic similarity is “rough.” Several corollaries of this roughness result 
are given. 
In Section 4 there is presented an argument due to Coppel, which shows 
that when A(t) is a real almost periodic 2 x 2 matrix function such that (1) 
has an exponential dichotomy, then (1) has the joint property mentioned in 
the previous paragraph. We also show that even when A(t) is complex (1) 
is reducible by a not necessarily almost periodic kinematic similarity to an 
almost periodic system. 
The question of whether or not this last result is true for arbitrary dimension 
has been left unanswered.l 
2. RECURRENT SYSTEMS 
Let d(t) be a vector- (or matrix-) valued function, bounded and uniformly 
continuous on (-co, co). 93(t) is said to be recurrent if the dynamical system 
defined on its hull H(4) (cf. Nemyckii and Stepanov [12, p. 5121) is minimal. 
By Theorem 7.02 in [12, p. 3741, it follows that H(4) always contains a recurrent 
function even if 4(t) itself is not recurrent. 
PROPOSITION. Suppose A(t) is a recurrent n x n matrix function. Then if 
(1) is reducible with projection P, the kinematic similarity S(t) can be chosen so 
that it, S-l(t), and S(t) are recurrent. 
1 Note added in proof After this paper had been accepted for publication and while 
it was being revised, the author received a copy of the article [14], where the existence 
of a counterexample as in Section 5 is shown using topological methods. However, the 
present treatment has the advantages that it is elementary and that the counterexample 
is explicitly given. Nevertheless, we have used one idea from [14] to put the original 
argument in stage II of Section 5 in a more general framework. 
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Proof. We use the argument in the proof of Theorem 1 in MillionEEikov 
[lo]. By a result mentioned in the Introduction we can choose s(t) so that it, 
P-1(t), and s(t) are bounded and uniformly continuous. Let B(t) be defined 
by (3) and consider the bounded and uniformly continuous function, 
We can find a sequence (ts} such that $(t + tie) + &(t) uniformly on compact 
intervals, where $i(t) = (A,(t), &(t), q’(t), 2&(t), B,(t)) is recurrent and 
B,(t) = &-l(t) A,(t) &(t) - s;‘(t) 2$(t). Since A(t) is recurrent, A E H(A,) 
and so there exists a sequence {rk} such that A,(t + TV) + A(t). Taking a 
subsequence if necessary, +i(t + rk) -+ +a(t), where +a(t), which must also 
be recurrent, is (A(t), Ss(t), &2(t), &(t), B,(t)) with B,(t) = s;‘(t) A(t) Sa(t) - 
s;‘(t) S,(t). Now X$(t) commutes with P since B(t) and hence B,(t) do. So 
5’,(t) is the required kinematic similarity. 
3. A ROUGHNESS PROPERTY AND APPLICATIONS 
We first prove two little lemmas. 
LEMMA 1. Suppose the continuous n x n matrix function B(t) commutes 
with the projection P and that (2) h as an exponential dichotomy with projection P. 
Then if Y(t) is a fundamental matrix for (2) commuting with P, Y(t) has an 
exponential dichotomy with projection Q, where Q is similar to, and commutes 
with, P. 
Proof. Now Y(t) must have an exponential dichotomy with a projection Q, 
which is similar to P. Using Y(t)P = PY(t) we find that for all 5, 
Y(t)(PQ - QP)[ = PY(t) Q[ - Y(t) QP[ --f 0 as t - co 
and 
Y(t)(PQ - QP)[ =: Y(t)(l - Q) P[ - PY(t)(l - Q)f + 0 as t - --0~). 
This can only happen if (PQ - QP)[ = 0. So PQ = QP. 
LEMMA 2. Suppose A(t) is a continuous n x n matrix function such that 
(1) has a fundamental matrix X(t) having an exponential dichotomy with projec- 
tion P. Suppose also that (I ) is reducible with projection P by the kinematic similarity 
S(t) to the system (2). Then there is a projection Q and a fundamental matrix 
Y(t) for (2) such that 
(i) Y(t) commutes with Q, 
(ii) Y(t) has an exponential dichotomy with projection Q if and only if 
X(t) PX-l(t) = S(t) QS-l(t) for all t. 
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Proof. If X(t) PX-l(t) = S(t) QS’-i(t) for all t, it is easily verified that 
Y(t) = S-l(t) X(t) X-l(O) S(0) is a fundamental matrix for (2) satisfying (i) 
and (ii). 
Conversely suppose Y(t) is a fundamental matrix for (2) satisfying (i) and 
(ii). By Lemma 3 in [5], Q is similar to P and hence can be written as LPL-I. 
Then S(t) Y(t)L is a fundamental matrix for (1) having an exponential dichotomy 
with projection P and so by Lemma 4 in [5], equals X(t)C where CP = PC. 
Hence 
X(t) = S(t) Y(t)LC-1 
and the required equality is seen to follow from (i). 
We now consider almost periodic n x n matrix functions A(t) satisfying 
the following hypothesis: 
(H) Equation (1) has a fundamental matrix X(t) having an exponential 
dichotomy (4) with projection P and, moreover, is redpcible with projection P 
by a kinematic similarity S(t) such that 
(i) S(t) and S(t) are almost periodic and 
(ii) the reduced system has a fundamental matrix which commutes with P 
and has an exponential dichotomy with projection P (equivalently, X(t) PX-l(t) = 
s(t) PS-‘( t)). 
Note that if S(t) is a kinematic similarity and is almost periodic, then S-l(t) 
is also almost periodic. For if S(t + tk) -+ Sl(t) uniformly, 
s-‘(t + tJJ - s;‘(t) = s-“(t + tJ(S1(t) - S(t + z$“)) s;yt> 
converges uniformly also. 
Note also that from Lemma 3 in [6, p. 411 it follows that if (1) has an expo- 
nential dichotomy with projection P then there is a kinematic similarity S(t) 
with the properties in (H) except (i). 
LEMMA 3. Suppose A(t) is an almost periodic R x n matrix function satisfying 
(H). Then if C(t) is an almost periodic matrix function satisfying 
I C(t)1 < r/36K5 
for all t, the perturbed system, 
9 = PW + WY, 
satis$es (H) also with the same projection P and the corresponding kinematic 
similarity has frequency module contained in the joint frequency module of A(t), 
C(t) and the original kinematic similarity S(t). 
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Proof. Let X(t), P, S(t) be the fundamental matrix, projection and kinematic 
similarity involved in (H). We modify them a little. 
We can write P = LQL-l, where Q = Q* (* denotes conjugate transpose). 
Let R(t) be the unique positive square root of the positive Hermitian matrix, 
QL*S*(t) S(t) LQ + (I - Q) L*S*(t) S(t)L(I - Q). 
It follows from the contour integral representation of the positive square root 
of a positive Hermitian matrix that R(t) is continuously differentiable and 
that R(t), R(t) are almost periodic with frequency module contained in that 
of S(t). Moreover, as in the proof of Lemma 1 in [6, p. 391, 
I T(t)/ < 21’2, 1 F(t)l < 2112K, 
where T(t) = S(t) L&l(t). Also, since R(t) commutes with Q and using (ii) 
in (H), 
T(t) QF(t) = S(t)LQL-Wl(t) = X(t) LQL-lx-l(t). 
This means that the kinematic similarity x = T(t)y takes (1) into a system 
(2) with B(t)Q 3 QB(t). 
With Z(t) = T-r(t) X(t)L, w ic h’ h is a fundamental matrix for (2), and D(t) = 
r-r(t) C(t) T(t), we can show as in the proof of Proposition 1 in [6, p. 421 
that the integral equation, 




m Z(t)(I - Q) Z-l(s)[l - H(s)] D(s)[l + H(s)] Z(s) QZ-l(t) ds, 
t 
has a unique solution H(t) with 11 H ]I = sup 1 H(t)/ < 4 . We now prove that 
H(t) is almost periodic. 
For a real number 7, 
fqt + T) - H(t) 
= It {[Z(t + 7) QZ-Ys + 7) - Z(t) QZ-WI 
;;(s + T) Z(s + T)(I - Q) Z-l(t + T) 
+ Z(t) QZ-l(s)[F(s + T) - F(s)] Z(s + TV- Q) Z-V + T) 
+ Z(t) QZ-l(s)F(s)[Z(s + T)(I - Q) Z-l(t + T) - Z(s)(l - Q) Z-l(t)]> ds 
s 
cc 
- . . . 9 
t 
where F(t) = [I - H(t)] D(t)[I + H(t)]. 
ALMOST PERIODIC LINEAR SYSTEMS 379 
Now IV(t) = .Z(t + T) QZ-l(s + T) satisfies 
w = B(t)W + [B(t + T) - B(t)] w. 
By the variation of constants formula and the commutativity of Z(t) and B(t) 
with Q, 
W(t) = Z(t) Z-l(s) W(s) + 1’ Z(t) Z-l(u)[B(u + T) - B(u)] W(u) du 
s 
= Z(t) QZ-l(s) + jt Z(t) QZ-l(u)[B(u + T) - B(u)] W(u) du. 
s 
Hence for s < t, 
/ Z(t + T) QZ-l(s + 7) - Z(t) QZ-l(s)1 d 4+K4 I/ B, - B 11, 
where B,(t) = B(t + T). Similarly for t < s, 
I z(t + T)(I - Q) Z-l(s + T) - Z(t)@ - Q) Z-l(s)/ d 4+,-X4 /I B, - B II. 
Using these inequalities, we get 
II K - ff II d 9y-1K4[8y-1K2 II D II II B, - B II + II Q - D Ill 
+ W1K4 II D II II f& - HII 
so that, since /I D/j < y/18K4, 
II H, - H II < 27y-1K4[f+-1K2 II D II II B, - B II + /I D, - D Ill. 
By normality properties of almost periodic functions it follows that H(t) 
is almost periodic with frequency module contained in the joint frequency 
module of B(t) and D(t) and hence in that of A(t), C(t), and S(t). 
As in Coppel’s proof, the kinematic similarity x = T(t)[l+ H(t)]y takes 
system (5) into one having a fundamental matrix which commutes with Q 
and has an exponential dichotomy with projection Q. It follows from Lemma 2 
that 
-W P-Wt) = T(t)[l + H(t)] QW)V + H(W1 
= T(t)[l + H(t)] L-lP(T(t)[l + H(t)] L-l}-l 
and hence that (5) satisfies (H) with projection P and kinematic similarity 
T(t)[.Z + H(t)] L-i. This is what we want. 
COROLLARY 1. Suppose A(t, s) is an n x n matrix function defined on 
(-co, co) x [0, l] with the following properties: 
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(i) A(t, s) is continuous in s unsformly with respect to t; 
(ii) for euch Jixed s, A(t, s) is almost periodic in t; 
(iii) for each fixed s the system, 
f = A(t, s)x, (6) 
has an exponential dichotomy. Then if 
satis$es (H), 
k = A(t, 0)x 
k = A(t, 1)x 
(7) 
does also and the frequency module of the corresponding kinematic similarity is 
contained in the joint frequency module of A(t, s), 0 < s < 1, and the kinematic 
similarity for (7). 
Proof. It follows from the roughness theorem for exponential dichotomies 
(cf. [6, p. 421) that any given s,, in [0, l] has a neighborhood in which (6) has 
an exponential dichotomy with constants independent of s. By a compactness 
argument, it follows further that the constants can be taken independent of s 
over [0, 11. Hence the bound r/368? in Lemma 3 can be taken independent 
of s. Applying the lemma a finite number of times starting at s = 0, we get 
the desired conclusion. 
COROLLARY 2. Suppose A(t) = [ati( is an almost periodic n x n matrix 
function satisfying 
1 Re aii(t)i - t 1 aij(t)l 
j=l 
for i = 1, 2 ,..., n. 
Then (1) satisfies (H) with P = diag(e, , es ,..., E,), where fi = 1 if Re aii(t) < 0 
and 0 otherwise, and the kinematic similarity has frequency module contained in 
that of A(t). 
(Compare Theorem 4 in Berkey [2].) 
Proof. Define A(t, s) = [aij(t, s)], where a,j(t, s) is [&(l - S) + s] aij(t). 
That (6) has an exponential dichotomy for all s follows from a result of Lazer 
[9] together with the boundedness of A(t) (cf. [6, p. 111). The corollary is then 
an immediate deduction from the previous one, noting that here (7) satisfies 
(H) with the identity as the kinematic similarity. 
The following result was suggested to the author by Professor W. A. Coppel. 
An almost periodic function is said to be quasi-periodic if there are real 
numbers, w1 ,..., wl, such that any frequency can be written in the form 
ALMOST PERIODIC LINEAR SYSTEMS 381 
mlwl+ ... i-mpWp, where the mi are integers. The set w1 ,..., wg is said 
to be an integral frequency base if the wr ,..., wp are, in addition, rationally 
independent. It follows from Besicovitch [3] that the quasi-periodic functions 
with integral frequency base w1 ,..., wg are just those functions of the form 
F(wg,..., upt), where the continuous function F(0, ,..., 0,) has period 2rr in Bi 
for all i. 
COROLLARY 3. Suppose A(t) is a quasi-periodic n x n matrix function. Then 
if (1) satis$es (H), th e znematic similarity can be chosen quasi-periodic. h’ 
Proof. Let S(t) be the almost periodic kinematic similarity from (H). 
Given S such that 0 < S < 1, there is a trigonometric polynomial Sl(t) such 
that 1 4(t) - S(t)/ < 6, 1 S;-‘(t) - S-l(t)1 < 6, 1 4(t) - s(t)1 < 6 for all t 
(cf. Fink [7]). Th en x = S,(t)y takes (I) into the quasi-periodic system, 
3 = P(t) + WY> (8) 
where B(t) is defined by (3) and 
C(t) = S;‘(t) A(t) S,(t) - &-l(t) $(t) - B(t). 
We find that 1 C(t)1 < MS for all t, where M is a constant depending only 
on the functions A(t) and S(t). 
Choose S < y/[MK,(l + 72Kr4)], where 
Kl = Ksup j S(t)/ [ s-l(t)l. 
Now, since (1) satisfies (H), B(t) commutes with P and (2) has a fundamental 
matrix s-l(t) X(t) which commutes with P and has an exponential dichotomy 
with projection P and constants Ki and y. Choose a trigonometric polynomial 
B,(t) commuting with P such that ) B,(t) - B(t)\ < MS for all t. Then by 
Proposition 1 in [6, p. 21 the system, 
L = Jw)Y~ (9) 
has a fundamental matrix, which commutes with P and has an exponential 
dichotomy with projection P and constants Kr and y - M6K, . So (9) satisfies 
(H) with the identity as the kinematic similarity. 
But since 
/ B(t) - B,(t) + C(t)1 < 2MS 9 (y - MSK)/36Kr6, 
it follows from Lemma 3 that (8) satisfies (H) and the kinematic similarity 
.!$(t) has frequency module contained in the joint frequency module of the 
quasi-periodic functions B,(t) and B(t) - B,(t) + C(t). &(t) &(t) is then the 
required quasi-periodic kinematic similarity. 
505/36/3-4 
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4. THE TWO-DIMENSIONAL CASE 
Let A(t) be a real almost periodic 2 x 2 matrix function such that (1) has 
an exponential dichotomy with projection P having rank 1. Without loss of 
generality we can assume that P = diag(1, 0). If X(t) is a fundamental 
matrix having an exponential dichotomy with projection P, then it follows 
from Proposition 4 in [6, p. 721 that X(t) PX-l(t) is almost periodic. 
Now, as in the proof of Lemma 1 in [6, p. 391, we define A’(t) to be the 
kinematic similarity obtained by normalizing the columns (that is, dividing 
each column by its norm) of X(t). It is easily verified that s(t) is bounded 
and uniformly continuous. We show that s(t) is almost periodic. 
We may write (cf. Greenberg [8, p. 221) 
cos O(t) sin C(t) 
s(t) = [sin e(t) cos r+(t) 1 ’ 
where s(t), d(t) are real and continuous. Then 
X(t) PX-l(t) = S(t) PS-l(t) = (d(t))-1 [ 
cos 8(t) cos 4(t) -cos Cl(t) sin 4(t) 
. 
sin 0(t) cos +(t) -sin 0(t) sin+(t) I ’ 
where A(t) = det s(t) = cos(e(t) $ 4(t)). This means that (A(t))-l ei(e(t)*~(t)) 
is almost periodic and hence also 1 A(t)i Since inf 1 A(t)1 > 0 and A(t) is real, 
it follows that A(t) is almost periodic and therefore also ei(e(t)*m(t)). This means 
that e2ie(t), e2id(t) are both almost periodic and hence eieo), eibo) are too. 
Thus we have shown that when A(t) is a real almost periodic 2 x 2 matrix 
function such that (1) has an exponential dichotomy, then (H) is satis$ed. 
When A(t) is complex and (1) has an exponential dichotomy with projection 
having rank I, the example in the next section shows that in general (1) is not 
reducible by an almost periodic kinematic similarity. However, we can show 
that the kinematic similarity can be chosen in such a way that the coefficient matrix 
of the reduced equation is almost periodic with frequency module contained in 
that of A(t). 
Note that since (1) has an exponential dichotomy with projection having 
rank I, its spectrum (cf. Sacker and Sell [13]) must consist of two disjoint compact 
intervals lying on different sides of 0. Let X(t) = [xl(t) x2(t)] be a fundamental 
matrix for (1) having an exponential dichotomy with projection diag(1 , 0). 
Then, in this context, it follows from (7.6) in [13] that 
p,(t) = I Xi(W $ I x,(t)1 
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is almost periodic with frequency module contained in that of A(t). But 
s(t) = [I x1@-’ x1(t) I x2w x2(91 
is a kinematic similarity and it is easy to see that the transformation E = S(t)y 
takes (1) into the system, 
91 = Jut> Yl , 
$2 = P2WY2 * 
Both these results have generalizations. Suppose A(t) is an almost periodic 
n x ?z matrix function such that the spectrum of (1) consists of n disjoint 
intervals (hence n points by the Corollary in [13, p. 3511). When A(t) is real 
it follows from Theorem 2 in Bylov [4] that (1) is diagonalizable by a real 
almost periodic kinematic similarity. Even when A(t) is complex it follows 
as above that (1) is kinematically similar to an almost periodic diagonal system. 
5. THE COUNTEREXAMPLE 
We construct both a complex and a real counterexample. 
The Complex Case 
We construct a complex almost periodic 2 x 2 matrix function A(t) such that 
(I ) has an exponential dichotomy with projection P = diag( 1,O) but is not reducible 
with this projection by an almost periodic kinematic similarity. 
The construction is done in three stages. 
I. We define a 2 x 2 projection matrix function on the torus, the range 
and nullspace of which are nontrivial complex line bundles. 
Let F: R2 - SU(2) (the group of 2 x 2 complex unitary matrices with 
determinant 1) be a continuously differentiable function satisfying the identities, 
where I,‘(B) = diag(eis, e-i”). Such functions do exist. For example, let 
(sin2(#/4))(eis - 1) + 1 
G(e’ ‘) == IY-(sin(+/4) cos($/4))(e-is - 1) 
(sin(#4) cos(#4))(eie - 1) 
(sin2(+/4))(e-is - 1) + 1 I 
and let g: [0,2rr] + [0, 2~~1 be a continuously differentiable function which 
is zero near 0 and 27r near 27r. Then define F(0, 4) = G(t9, g(4)) for all 0 and 
0 .< 4 < 27~ and extend according to (11). 
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It follows from (lo), (1 l), and the fact that U(e) commutes with P that the 
projection matrix function, 
-w, $1 = F(4 $4 PF-v, C), 
has period 2rr in both 0 and (b. 
The basic result we need is the following. 
LEMMA 4. There exists an absolute constant E > 0 such that there is no 
continuous invertible matrix function T(0, 4) with period 2m7r in 0 and C#I for some 
positive integer m and satisfying 
I T(4 6) PT-ye, 4) - we, $11 G E for all 0 and +. (12) 
Proof. Choose f ‘< 1 so that 1 eizne - 1 1 < 8e(l + E) for real t9 implies 
that 1 0 / < 4 (mod 1) and suppose a function T(0, 4) with the stated properties 
exists. Without affecting the value of T(0, 4) PT-l(B, 4) or the other properties 
of T(O,+) we can normalize the columns of T(B, 4). It follows from Lemma 1 
in [6, p. 391 that 
1 T-l 1 < {I TPT-l I2 + j T(I - P) T-l 12}lj2, 
where T = T(0, $), and so using (12) and the orthogonality of the projection 
NC4 $1, 
I T-1(8,$)/ < 21q1 + E). (13) 
We want to replace T(B, 4) by a function which is near F(B, 4). To this end 
we define (cf. [5, p. 5141) 
J(0, 4) = [TPT-lN + T(I - P) T-l(I - N)JF, 
where T = T(B, $), etc. Using N2 = N we see that 
J(6, c$) - F(B, 4) = (TPT-l - N)(2N - I)F 
and hence 
Since F(f?, 4) is unitary it follows that J(0, 4) is invertible. Moreover we see 
from the definition of I(@, $) that 
so that 
TPT-1. JF-’ = JF-1 . N I TPT-1. N 
That is, 
TPT-1 = J.F-INF. J-1. 
T(& 4) PW@, 4) = J(4 4) PJ-‘P, (6). (14) 
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We can normalize the columns of J(B, 4) without affecting the value of 
J(e, 4) PJ-l(e, 4). For the altered matrix function g(e, 4) we estimate 
where 1 . jr is the matrix norm defined as the supremum of the norms of the 
columns. Then using the inequality 
/l~l-l~-YI <2/x-Yl, 
for vectors x, y with / y / = 1 (cf. Massera and Schaffer [16, p. 7]), 
I Jp, 4) - qe, 411 G 21’2 .2 I I(4 4) - w, 4)~ 
G 2cw I J(e, +) - wt 411 
< 2(2)% (15) 
Since (14) also holds with J replaced by g, L(B, 4) = T-r(8, $) g(e,+) is 
diagonal and so has the form diag(f(& $), g(B, $>), where If(e, #)I = 
/ g(0, $)I = 1 because of the normalization. Using (IO), (1 I), (13), (15), and the 
periodic&y of T(0,4) we estimate 
I L(2mr, 4) - L(O, +)I 
< I T-W +)I I J(2mr7 +> - J(o, 541 
,< I T-W $>I[1 -&‘mn, $1 - F(2mr, C>I + I +h d> - F(O, $111 
< 291 + E) .2 - 2(2)V2< = 8~(1 + 6) 
and, using the fact that U(B) is unitary, 
1 qe, 2m7r) - qe, 0) uye)l 
G 1 we, o)l i J(e,2m4 - m, 0) wye)i 
G 1 we, o)iri 3(e, 24 - F(4 2m4l + I 3(4 0) - F(4 011 I uv4ii 
< 8~(1 + 6). 
So if we write f(f9,4) = eian~@,d), where CC R2 -+ R is continuous, 
and 
These inequalities imply the existence of integers p and q, independent of 0 
and $, such that 
I +m~, 4) - 4% 4) - P I -c tt (16) 
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and 
Then, 
1 ci(e, 2m~r) - a(B, 0) - (2n)-l ml3 - q 1 < &. 
I ol(2mrr,2mrr) - ar(O,2mv) -p 1 
> m2 - j 0r(2m7r, 2m77) - or(2m7r, 0) - m2 - q 1 
- 1 a(2mr, 0) - 01(0,0) - p 1 
j a(O,2mv) - 01(0,0) - q ; 
> m2 - 2 3 B. 
This contradicts (16) for $ = 2mn. 
From this lemma we deduce the following corollary. 
COROLLARY 4. Let wl,w2 be positive real numbers with irrational ratio. 
Then there cannot exist an almost periodic invertible matrix function S(t) with an 
almost periodic inverse and satisfying 
S(t) PSI(t) = N(w,t, u2t) for all t. 
Proof. Suppose a function S(t) with the stated properties exists and 
approximate it by a trigonometric polynomial s(t) in such a way that 
j S(t) PS-l(t) - A+& wzt)l < E for all t. (17) 
The module over the integers generated by the frequencies of S(t) and w1 , w2 
can easily be shown to have a base of the form m-Q+ , m-lo+ , wa ,..., We where 
m is a positive integer. Then we can write 
S(t) = Y(m-lOJlt, m-lo.& W3t ,..., u$), 
where the trigonometric polynomial 9(19, ,..., 0,) has period 2n in Bi for all i. 
Given real 0 and 4 there exists, by Kronecker’s theorem, a sequence {%} such 
that rn-lwlTK -+ m-Q9 (mod 2~), rn-lw2Tk + m-l+ (mod 277), and W~T~ --z 0 
(mod2rr) for i = 3,...,p. 
Putting t = Q in (17) and taking limits, we obtain inequality (12) with 
T(B, $) = Y(m-V, m-l+, 0 ,..., 0). But this is impossible, by the lemma. 
II. Let P(t) be a continuously differentiable n x n complex matrix function 
such that P(t) is an orthogonal projection for all 1. Also let u1 ,..., u, be an 
orthonormal basis with the property that u1 ,..., ulz spans the range of P(0). 
Then it follows from Theorem 1 .l in Daleckii and Krein [15, p. 1521 that the 
fundamental matrix U(t) of the system, 
3i = [P(t) P(t) - P(t) P(t)]x, 
ALMOST PERIODIC LINEAR SYSTEMS 387 
such that U(0) = [ul ,..., un] is unitary for all t and P(t) = U(t) PU-l(t) 
with P = diag(l,..., 1,O ,..., 0), where P has rank Fz. 
Now define A(t) = p(t) P(t) - P(t) I’(t) - 2P(t) + I. Then X(t) = 
U(t) diag(e+ ,..., eet, et ,..., et) (with k e@‘s) is a fundamental matrix for system 
(1) and clearly has an exponential dichotomy with projection P. Moreover, 
if P(t) and p(t) are both almost periodic, A(t) is also, and with frequency module 
contained in that of P(t). 
Now let P, F(4 $1, N(4 4), w1 , w2 be as in I. Then we apply what we have 
just done to the projection matrix function N(wrt, wzt) to deduce that there is a 
2 x 2 complex matrix function A(t), quasi-periodic with integral frequency base 
9 7 9 such that system (1) has an exponential dichotomy (4) with projection 
P = diag(1, 0) and the equality, 
X(t) P,3r’-l(t) = N(w,t, W$), (18) 
holds. 
III. Let P, A(t), X(t) be as in the last sentence and suppose that (1) is 
reducible with projection P by an almost periodic kinematic similarity S(t) 
(note that we do not assume s(t) is almost periodic) to a system (2). Since 
the only projections of rank 1 commuting with P are itself and I - P, it follows 
from Lemma 1 that a fundamental matrix for (2) commuting with P has an 
exponential dichotomy with projection P or I - P. In the first case, Lemma 2 
shows that X(t) PX-l(t) = S(t) PS-l(t) and, in the second, X(t) PX-l(t) = 
S(t)(I - P) S-l(t). But since I - P and P have the same rank we can write 
I - P = LPL-l and replace S(t) by S(t)L in the second case. So without 
loss of generality we can assume that X(t) PX-l(t) = S(t) PS-l(t). But (18) 
implies then that S(t) PS-l(t) = N(wlt, cog), which is impossible by Corollary 4. 
So the construction of the counterexample in the complex case is completed. 
Remark. If we assumed that s(t) were also almost periodic (equivalent, 
with the other hypotheses, to assuming that the coefficient matrix in the reduced 
system is almost periodic) then A(t) would satisfy hypothesis (H). Corollary 3 
would imply then that S(t) could be assumed quasi-periodic and in Corollary 4 
we would not need to approximate S(t) by a trigonometric polynomial. So 
equality would hold in (12) and the proof of Lemma 4 would be rather simpler. 
The Real Case 
If x = x1 + ix, is a complex 2-vector and A = A, + iA, a complex 2 
matrix we denote by X, and A, their respective decomplexifications 
Arnol’d [1, p. 119]), 
x2 
(cf. 
Xl [ 1 X2 and 
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Now let P, A(t), X(t) b e as in the complex counterexample. Then the 
4-dimensional real system, 
3i = A&)X, (1% 
has an exponential dichotomy with projection PR since the corresponding 
complex system has one with projection P. Since PR has rank 2, (19) also has 
a fundamental matrix Z(t) having an exponential dichotomy with the similar 
projection Q = diag(1, 1 , 0,O). 
Suppose (19) is reducible with projection Q by an almost periodic kinematic 
similarity T(t) to (2) such that f(t) is also almost periodic. By Lemma 1 a 
fundamental matrix for (2) commuting with Q has an exponential dichotomy 
with a similar projection & commuting with Q and hence of the form 
dk(Q, , Q2), where Q1 and Q2 are 2 x 2 projections with ranks summing up 
to 2. 
If Qz = 0 then & = Q and so by Lemma 2, Z(t) 82-l(t) = T(t) QT-l(t). 
If Qr = 0 then & = I - Q an d so Z(t) QZ-l(t) = T(t)(l - Q) T-l(t). [Note 
that in these two cases we do not need the assumption that p(t) is almost 
periodic.] 
Otherwise Qr and Qs both have rank 1 and if we write B(t) = diag(B,(t), 
B,(t)), where the &(t) are 2 x 2, then the almost periodic systems, 
31 = W)Yl and $2 = B,(t) Y2 3 
have exponential dichotomies with projections Q1 and Qs , respectively, and so, 
by the first result in Section 4, each can be diagonalized by an almost periodic 
kinematic similarity. Composing, we see that (19) can be diagonalized by 
an almost periodic kinematic similarity, which we denote by T,(t). Now by 
Lemma 1, a diagonal fundamental matrix for the diagonalized system has an 
exponential dichotomy with projection Q which is also diagonal since it must 
commute with both diag(1, 1, 0,O) and diag(1, 0, 1,O). Since this means that 
the fundamental matrix commutes with Q it follows from Lemma 2 that 
Z(t) QZ-l(t) = T,(t) $K’(t). 
Since any projection of rank 2 is similar to PR , we have in all cases an almost 
periodic kinematic similarity T,(t) satisfying Z(t) QZ-l(t) = T2(t) P,T;‘(t). 
But by Lemma 4 in [5], Z(t) QZ-l(t) = X,(t) PRX;;‘(t) and so, using (18) 
T,(t) P&l(t) = N&+t, f.4). 
Now in order to reduce to the complex case, we must alter Z’,(t) so that 
it is the decomplexification of a 2 x 2 complex matrix function s(t). Since 
T;‘(t) is bounded, the norms of the columns of T2(t) have positive infimums 
and so we can normalize the columns of T,(t) without affecting its almost 
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periodicity or the value of T,(t) P&‘(t). Let sR(t), with s(t) = col(~~(.(t) + is,(t), 
us + &(t)), be the first column of the new T,(t). Then it is easily seen that 
(I - P)P(wlt, wst) s(t) = 0 follows from (20). 
Now the almost periodic matrix function, 
4) + i%(t) 
s(t) = L,(t) + is&t) 
-3(t) + is,(t) 
sl(t) - is,(t) I ’ 
is in SU(2) for all t. It can be verified by direct computation that if U, and U, 
are two matrices in SU(2) and (I - P) lJ;% = 0, where u is the first column 
of U, , then U,PU;-’ = U,PU;‘. Applying this result here to U, = S(t), 
U, = F(wlt, wzt) we obtain the equation, S(t) PS-l(t) = N(wlt, cost), which is 
impossible by Corollary 4. 
Thus we have shown that the real system (19) is not reducible with projection 
Q by an almost periodic kinematic similarity with almost periodic derivative even 
though it has an exponential dichotomy with projection Q. 
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